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Filters, ultrafilters and convergence

Gabriel Saadia VF vs VU June 30, 2026 1/38



Categorifying topological spaces

Toposes categorify locales that are a point free version of topological spaces.
A notion of categorified space should fit in the 7 below.

topological spaces locales
? toposes

Garner's ionads [Garl2] (generalized by Di Liberti in [DL22b]) categorify the
interior comonad. They end up to be quite close to toposes.

Last summer, a new proposal of such a notion has been introduced independently
in three different works [Saa25, Ham25, vGMT26] dubbed virtual ultracategories
(abbreviated vu-categories) in the first above-cited work.

Vu-categories categorify topological spaces seen as a collection of points with
some convergence data.
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Convergence

Let o be a filter on S. Recall that points (gs)ses converge to p along o if
(VU open) pe U= (Vs:0) gs € U
which we write p <, gs.

The ultraconvergence relation is enough to recover the topology: a subset A is
open if and only if for each p <, gs we have p € A= (Vs : o) gs € A.

One can check that < behaves like a partial order
PP (P=<5Gsand (Vs:0) qs S, Ist) = P <gur, It
that extends the usual specialization order
p <, qifandonlyif p <* q.

Topologies can be seen as a posetal generalized multicategorical structure, with
arrows of the shape

P <5 3s
and vu-categories categorify this point of view.
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The category of filters

For o a filter on S, the topological space As . is given by the set of points
{a} U {bs|s € S} and opens are the subsets U such that

aelU= (Vs:0) bs € U.

As , represents the formal o-convergence of (bs)ses points to a, and o can be
seen as the germ of a in Ag .

The category of filters IF can be defined as follows [VJ70].
@ Objects are pairs (S, o) with o a filter on S.

@ A morphism of filters (T,7) — (S, 0) is a partial map To — S with 7-large
domain, such that the preimage of a o-large subset if 7-large, and two such
maps are identified if they coincide on a 7-large subset.

FF-morphisms (T,7) — (S,0) can be identified with continuous maps of germs
(A1,r,a) — (As,s, a) sending (bs) to the (b;).

We denoted by U C I the full subcategory of ultrafilters.
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Morphisms between filters

A map f : 7 — o is epic if the image of a o-large set is T-large, i.e. if o = f.(7).

Epimorphisms in It are also called covering. Every map in U is a covering.

Note that a map is a covering if and only if it induces an open surjection of germs.

A map f : 7 < o is monic if it can be represented by an injection To < S. In
that case, we say that 7 is a specialization of o.

In particular, ultrafilters extending a filter o are given exactly by subobjects
A = o with A ultrafilter.

From [Bla77, Moe95], IF' has small coproducts, is a regular category, and every
epimorphism is regular. A map f : 7 — o factorizes as

T = fi,(1) — 0.
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Reduced product

We identify a set A and the principal filter at A (with only A large).

We have A” = IF(o, A), an element of A? is called a o-family of element of A and
is denoted by (as)s:o-

In the same way, the element of the reduced/ultra-product [ As can be seen as
the set of sections in IF:

oy I—lses AS

og—" 5
An element of fw As is a dependent o-family and denoted by (as € Ag)s.o-

Precomposition by ¢ : 7 — o gives a a reindexing map ¢* : [ As— [, Age

¢™(as)s:c = (agt)e:r-
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Tensor

The tensor product on the category of filters is usually denoted by o ® 7, we use
o-T

The dependent tensor of (75)s.s is a filter o - 75 defined on the set | |5 T (the
indexed sum of [Gar20]).

The o - 75-large sets are the | | .. Rs C | |,cs Ts with o-all Rs being 7,-large.

It can be seen as gluing the spaces A7, with As ;.

Alternatively, it can be seen as the following pullback in IF

0 Ts — | JscsTs

l - l in particular, S - 75 = I_I Ts.
ag

ses
'S
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Vu-categories
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Vu-categories

A vu-category is a categorical notion where arrows have the shape

p HSZ(Y qS

Such a vu-arrow can either be seen as categorifying p <.., gs or as a morphism
p— fs:o‘ gs into some virtual ultraproduct of the (gs)s:o-

Vu-categories 1/3

A vu-category X is given by

@ a class of objects usually called points.
@ a class of vu-arrows
u: p%SZO' qS
with domain a point p, and codomain a o-family of points (gs)s., for some
ultrafilter o.

We denote by X, (p, gs) the class of vu-arrows of domain p and codomain (gs)s:o-
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Vu-categories: composition

Composition of vu-arrows relies on the dependent tensor of ultrafilters.

Vu-categories 2/3: composition

@ for each point p, a uniti, : p—=,p

@ and for u: p—, gs and (Vs : gs —r, Is.t)s:o, @ COMPpOsite
Vs Og U : p%a'Ts I's,t
With the expected neutrality and associativity axioms
Uo,ip=u ig, O U= U

(Ws,t Or, Vs) Og U= Ws t Og.1, (Vs Ou u)

Gabriel Saadia VF vs VU June 30, 2026 9/38



Vu-categories: reindexings

More subtle, we need a notion of reindexing of vu-arrows:

Vu-categories 3/3: reindexing

o for u: p—, gs and ¢: T — 0, a reindexing ¢*u: p —; qpt

The reindexing operation is functorial
idyu=u  P*(¢*u) = (¢oy)u
and compatible with the composition

(105" vs) 06 u = (idg 15)" (vs 00 u) Voe ox (¢ u) = (¢ - idr,)*(vs o v)

This concludes the definition of vu-categories.
We call vu-posets the vu-categories with the homsets being subsingletons.

We have a 2-category of vu-categories vuCat given by vu-functors and natural
transformations between vu-functors.

Gabriel Saadia VF vs VU June 30, 2026 10/38



The reindexing functor

For points p and (gs)s.» the reindexing induces a reindexing functor

XP%: (U/o)%® — SET
(¢: 7—0) = Xr(p, gpt)

Thickening

All map 7— o in U are epis, hence we call ¢*u the thickening of u along ¢.

Locally small and small

X is said locally small if these functors are small presheaves, and small if moreover
its collection of points is small.

Vu-categories are always assumed locally small.
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Merging

Diagonal

In particular, thickening the identity i, : p—, p along the unique map o — %
gives a vu-arrow d? : p —, p called a diagonal of p.

The diagonal enables us to merge together vu-arrows with common domain.

Merging

The merging of a o-family of vu-arrows (vs : p —r, gs.t)s:o is the composite
Vs Og dg 1P o7 Gs,t-

The merging induces fz:)\ Xr(Py Gppt) = Xxory (s Qo) Tor (dr : 7o —> 0)en

and thus gives a structure of right ultrafunctor on the reindexing functor
XP% : (U/0)°P — Set,

or equivalently an ultrastructure on the category of elements of this presheaf.
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Vu-categories: examples and
reconstruction theorem for toposes
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Example: topological spaces

Every topological space X has a vu-poset structure given by p <, gs.

The reindexing operation gives (for ¢ : 7 — o)
P <s9qs = P <;qpt-

Proposition

We can identify topological spaces to the small vu-posets satisfying

P <o 0qs = P =<7 qst
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Example: ultracategories

An ultracategory® M has a vu-structure with vu-arrows p —, gs given by maps
p— fs:a Gs-
Mo’(p7 qs) = M(pa fs:o’ qS)

The reindexing of p —, gs along ¢ : 7 — o corresponds to the composition:

ft:'r qd’t
¢ u T¢'*
|
P~ [iyds
justifying the notation ¢*u.
In particular, we get a vu-category structure on Set, and we can show:

Theorem [Saa25, Ham25, vGMT26]
Let X be a topological space, Sh(X) ~ vuCat(X, Set).

Lultracategory are always assumed strong
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Example: points of a topos

For £ a topos, we have a vu-structure on the points of £ with vu-arrows p —, gs
given by natural transformation p* = fw gs*.

pt(£)o(p, gs) = Nateee(Ep, [, Eq,)

this is a categorification of

P <,qs < (YU open) pe U= (Vs:0) gs € Us.

Reconstruction theorem [Saa25, Ham25, vGMT26]

Let £ be a topos with enough points, £ ~ vuCat(pt(€), Set).

Remark that this construction also works for the models of any small sketch.
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Removing the ultra
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Removing the ultra: why?

We categorified convergence of ultrafilter to extend Makkai's ultracategories,
themselves built to fit model of first-order theories. However, now that we work
with virtual ultraproducts there is no reason to restrict ourselves to ultrafilters.

Vu-categories categorified the convergence of ultrafamilies, but the convergence of
filters is more general and constructive.
We can define a filter analogue to vu-categories, called vf-categories. The

definition is word for word the same, removing the ultra when needed.

We can then define the vf-category of points of a topos and state an analogue
reconstruction theorem.

Theorem (Saadia—Tarantino, constructive proof in progress!)

Let £ be a topos with enough points, £ ~ vfCat(pt(£), Set).
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Recovering vu from vf?

There is a forgetful functor U : vfCat — vuCat, but defining a functor in the other
direction is not easy as the reindexing induces some vf-arrows from the existence
of vu-arrows.

We will introduce tautness, an algebraic condition prescribing the behavior of the
reindexings of arrows, and we will show that U : vfCat — vuCat restricts to an
equivalence

viCateayr ~ vuCatiaye.

Thus the ‘combinatorics of ultrafilters’ does not play any role in taut vu-categories.

Note that in particular taut ultracategories can be seen as taut vf-categories,
suggesting that one can work constructively with ultracategories.
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Tautness for vu-categories
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Tautness: definition

In the definition of vu-categories, the behavior of the reindexing remains quite
unspecified. Tautness remedies to this issue.

Reducible arrows

A vu-arrow v : p — Gg: is said reducible along ¢ if for each pair of arrows
Y1,¢2 1 X = T equalizing ¢, we have ¢¥jv = Y3v.

Tautness

A vu-category X is taut if each v : p —; qq4: reducible along ¢ can be uniquely
unthickened, i.e., there is a unique v : p —, gs such that v = ¢*u.
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Tautness on the reindexing functors

Tautness can be seen as an exactness property on the reindexing functors.

Y / A
The following colimit in U o« /:
. \
AN
is sent by X% : (U/c)°P — Set to
:X:)\(P, q¢f)

to a limit in Set Xo(p, qs) — Xr(p, Got)

X (py qyre)
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Tautness for vu-posets

In a vu-poset any vu-arrow p <, gq: is reducible along ¢, so tautness expresses
that a vu-inequality p < g4+ can always be unthickened p <, gs.

A small vu-poset is taut if and only it it is the points of a topological space.

We have a reflection

/j\

TopSp ~ VUPOSsmall,taut > VUPOS

Any small vu-poset X can be tautified into t(X)

p<f,(x) qgs if p<ffq¢t for some ¢ : 7 > o

In general, X < t(X) is a not full sub-vu-poset of t(X).
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Tautness for ultracategories
For A € M a taut ultracategory, M(—, A”) = M,(—, A). Hence by Yoneda,

The diagonal A < A? is a monomorphism, and more precisely is the join equalizer

of all the pairs A = A” for 7 = 0.
/ 3
Ay A° <
\\ .

In an ultracategory, no axiom ensures that the diagonal A— A? is monic, but in a
taut ultracategory it is (and it is the limit of all the A” = A™).
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Tautness for ultracategories
Actually we have the more general statement.

An ultracategory M is taut if and only if for any 7 — o and (As)s:, the following
diagram is an equalizer

fe;,\Awt’

oA A// :

sic 7S t.r ot :
\

fz:,\f Ayre

Proposition

Set is taut.

Corollary

pt(€) is taut for £ a topos.
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Tautness as internal completeness

We study tautness for the ultracategory of metric spaces. Let X be a metric space.

/ :
X —— X° < E
\ .
The image of X — X7 is given by the sequences (xs)s., that converges in X.

A o-family (xs)s:o is equalized by all pairs of maps 7 = o if and only if for any
€ > 0 there exists a closed C, of diameter < € such that

(Vs:0) xs € C,
hence if and only if it is Cauchy.
Then the above is an equalizer precisely if X is Cauchy complete.

The ultracategory of metric spaces is not taut, but we conjecture that its
tautification is the ultracategory of complete metric spaces.
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Tautness as a right lifting property

Tautness is well justified for vu-posets. The following property shows that one can
deduce the tautness only from the vu-poset case.

Proposition

A vu-category X is taut if and only if it is right orthogonal to all X — t(X) for X
a small vu-poset,

i.e., if and only if
vuCat(t(X), X) — vuCat(X, X)

is an equivalence of categories.
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Proof idea

We fix an ultrafilter o and consider X the (non full) sub-vu-poset of A; ., given
by the a <. b such that there exists a 7 — 0.

In X there is a vu-arrow a <, b reducible along o — % but that cannot be
reduced, so X is not taut and the tautification of t(X) is A ,.

X ——X

l -1

t(X) = Aly*
A map X — X corresponds exactly to a vu-arrow p —, g reducible along o — *,
and a map t(X) — X corresponds exactly to a vu-arrow p —, g.

Hence the right lifting property against X — t(X), says precisely that any
vu-arrow p —, q reducible along o — x can be unthicken uniquely.

...the proposition can be proven by variations on the above idea.
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Tautness and descent

For (S, o) non-principal ultrafilter, f : As, — Aj , is an open surjection of
topological spaces that is not effective descent in vuCat: when quotienting As ,
there is no way to create the %-arrow of A ,.

More precisely, the comparison map is given by X < A; , the (non full)
sub-vu-poset of Sierpinski of the a < b such that there exists a 7— 0. And
X < A; , is precisely the tautification of X.

But f is effective descent in vuCat;,,:: when quotienting by the groupoid kernel,
the tautness assumption makes the x-arrow appears.

Open surjections are not necessary effective descent in the 2-category vuCat, but
we conjecture that they are in vuCaty,yt.
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Tautness vu de profil

Open vu-functor

A vu-functor F : X — Y is open if each vu-arrow u : F(a) —, ys can be lifted up
to thickening, i.e., there is a v : a— by such that F(v) = ¢*u.

Conjecture

Open surjections of vu-categories are effective descent in vuCatyay:.

We actually conjecture more

Profile

Following [DL22a] we call profile a prestack over topological spaces.

Conjecture

The 2-category vuCat embeds into profiles and a vu-category is taut if and only if
it is a stack for open surjections.
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Comparing VU and VF
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Reindexing in vf-categories

The main difference when working with vf-categories appears on the reindexing
operation. We don't only have thickening but also specialization.

Reindexing of vf-arrows

The reindexing ¢*u of u is called a thickening if ¢ is epic, and a specialization if ¢
is monic.

Any ¢ : T — o can be decomposed as T — ¢.T < o so that any reindexing can
be decomposed as a thickening of a specialization.

Two examples of specializations

The specialization of (as)s.s € A along 0 < S is (as)s.o.

The specialization of (as)s:sL07 € Ao’ along 0 <= o U o’ is (as)sio-
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Specialization = Merging ™"

(Surprisingly?) the behaviour of the specialization is already specified.

The specializations along the inclusion o; < [ - o; give a bijection

xl-a’;(p, qi,s) ; H xa’;(p7 qi,s)

i€l

whose inverse is given by merging along /.

In particular,  X(p, g/) Hx p.qi) and  Xo(p, )=1.

iel

Equivalently, the reindexing functors

P55 (F /o) — Set
((;5: T— U) = x‘r(pa qqﬁt)

send small coproducts to small products.
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Tautness for vf-categories

As T is regular, tautness is easier to express for vf-categories.

Tautness for vf-categories

A vf-category X is taut if for each cover ¢ : 7 — o in I the following is an
equalizer.

xo(P7 qs) — x‘r(p7 q¢t) :; xrxor(pa qs)

Equivalently, a vf-category is taut if the reindexing functors send regular
coequalizers to equalizers.

Set is a taut vf-category (because A~ = IF(—, A) preserves colimits) and thus any
vf-category arising as the point of a topos is taut.
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From vu to vf

We say that v : p —; q¢¢ is vf-reducible along ¢ if m1*v = m*v, for
M, T i T X, T = T the two projections. A vf-category is taut if any vf-reducible
arrow can be uniquely unthickened.

Proposition

For u: p—; g4+ a vf-arrow of a taut vf-category. If u is vu-reducible along ¢,
then u is also vf-reducible along ¢.

Corollary

U : vfCat — vuCat restricts to U : vfCatssyr — vuCatyiaye.

Our goal is to show that U : vfCatss,r — vuCatyayr is an equivalence.
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The vf-arrows of a vu-category

We start from a vu-category X and we want to define a vf-structure on X.

Let's first note the following property of As ..

Proposition

Let p and (gs)ses be points of X a vf-category.

Then vf-arrows p —, gs can be identified with vf-functors F: As , — X such that
F(a) = p and F(bs) = gs for all s € S.

We thus call As , the walking (S, o)-arrow. This suggests the following definition.

Vf-arrows of a vu-category

For p and (gs)ses points of a vu-category X and o a filter on S.

A o-arrow p — gs is given by a vu-functor F : As , — X such that F(a) = p and
F(bs) = gs for s € S.

It is easy to define the identities and the reindexings. However the composition is
a bit more tricky.
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Composing vf-arrows of a vu-category

We give ourselves vu-functors F : As , — X and G : Ay ., — X with
F(bs) = Gs(a) and we want to define a composite A| __ 1, 5.7, — X.

We get a map out of the following pushout P computed in vu-categories.

P is a vu-poset, but in general P is not taut, however the tautification of P
contains Al—lses T..0.7.- Hence using the tautness of the vu-category X, we can lift
P — X to a vu-functor t(P) — X that restricts to a vu-functor AI—'sgS Toooms — X
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Recovering a vf-category from its restricted vu-category

We get a vf-category that we denote F(X), this vf-category is taut and extends X.

L
vu Cattaut - VfCattaut
U

It only remains to show X = FUX, i.e., that starting from a taut vf-category X,
the above construction applied to X seen as a vu-category recovers X.

This amounts to the following result.

Lemma

Let p and (gs)scs points of a taut vf-category X.

Then vf-arrows p —, gs are in bijective correspondence with vu-functors
F:As . — U(X) with F(a) = p and F(bs) = gs.
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Lemma

Let p and (gs)ses points of a taut vf-category X. Vf-arrows p — gs are in
bijective correspondance with vu-functors F : As , — U(X) with F(a) = p and

F(bs) =dGs.

Proof

From a vf-arrow p — gs, we have a functor As , — X, and by applying U a
functor As , — U(X).

Conversely we take such a vu-functor F : Ag , — U(X).
We denote by L == {0y < o | 0, € U} the set of ultrafilter extending o.

For each ¢ € L, we can consider F(a <, bs) : p——o, gs. Merging them all
together we get a vf-arrow

F(a <y, bs)ord} : p—p1.o, Gs.

We claim that this vf-arrow is reducible along the cover ¢ : L - 0y — o, giving a
vf-arrow p —, gs as wanted.
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proof of the claim
It remains to show that F(a <, bs) o d} is vu-reducible along ¢ : L - o¢ — 0.

Notice that any map x — | - o; for k ultrafilter factorizes as Kk » A - gy — | - 0}
for some ultrafilter A on /.

| VMW\
™

/\2~(7@

/’0’,’4@5»0'

We want to show Yi(F(a<,, bs)ox, df)) < Y5(F(a <y, bs) ox, df)

: ?
that we can rewrite ViF(a <y, bs) =¥3F(a<y,.0, bs)

and both side are equal to F(a <, bs).
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Conclusion
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The full picture

Theorem: vu = vf

vfCat v vuCat
vfCateaye = vuCataye
k %
Topos

Together with the constructive proof of

Theorem: vf-reconstruction

Let £ be a topos with enough points, £ ~ vfCat(pt(E), Set).

we recover the usual reconstruction theorem for toposes with enough points from
their vu-categories of points. Thus isolating the use of the ultrafilter principle.
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Escaping filters?

We propose to call the notion vuCatyayr ~ vfCatsaye (together with a
size/accessibility condition) convergence 1-space.

We freed ourselves from the ultrafilter shape, can we go further and erase the
filter shape?

We conjectured that convergence 1-spaces embed into profiles, can we
characterize the image?

TopGrpd ----% vuCatsyyr ~ vfCatyayr <---+ Profile

On the other side, we conjecture that every convergence 1-space can be
represented as a topological groupoid, can we see them as some localization?
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